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Subclasses of Analytic Functions with Respect

to Symmetric and Conjugate Points
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Abstract

In this paper, we introduce new subclasses of analytic functions with
respect to other points. The coefficient estimates for these classes are

obtained.
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1 Introduction

Let U be the class of functions which are analytic and univalent in the open

unit disc D = {z : |z] < 1} given by

w(z) =2+ Z b2"
k=1
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2 Subclasses of Analytic Functions

and satisfying the conditions
w(0) =0, |w(z)] <1, z€D.

Let S denote the class of functions f which are analytic and univalent in
D of the form

f(2) :z+Zanz”. (1)
n=2
Also let S§ be the subclass of S consisting of functions given by (1) satisfying
/
Re{L(Z)} >0, z€D.
f(z) = f(=2)

These functions are called starlike with respect to symmetric points and were
introduced by Sakaguchi in 1959. Ashwah and Thomas in [2] introduced an-
other class namely the class S¢ consisting of functions starlike with respect to
conjugate points.

Let SE be the subclass of S consisting of functions given by (1) and satis-

Re{L(Z)_} >0, z€D.
f(2)+ f(®)

Motivated by S§, many authors discussed the following class C's of functions

fying the condition

convex with respect to symmetric points and its subclasses.
Let Cs be the subclass of S consisting of functions given by (1) and satis-
fying the condition

)Y
re{ ety 7 2e P

In terms of subordination, Goel and Mehrok in 1982 introduced a subclass
of S%, denoted by S§(A, B).
Let S%(A, B) be the class of functions of the form (1) and satisfying the

condition

2zf'(z) - 1+ Az
f(z)=f(=2) 1+ Bz
Also let SE(A, B) be the class of functions of the form (1) and satisfying the

condition

—1<B<A<1,z€eD.

22f'(2) - 1+ Az

(f(z)+f() 1+Bz

—-1<B<A<I1,z€e D.
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Let Cs(A, B) be the class of functions of the form (1) and satisfying the con-
dition

2(zf'(2)) . 1+ Az

(f(z) = f(=2)) 1+ Bz

Also let Ce(A, B) be the class of functions of the form (1) and satisfying the

condition

—1<B<A<1l,zeD.

2(2]“(% - 1+ Az
)+ 1@y 1+B

In this paper, we introduce the class Ms(p, i1, A, B) consisting of analytic
functions f of the form (1) and satisfying

—1<B<A<I1,z€eD.

2[pu2® "' (2) + pp+ p — )22 " (2) + 2'(2)] L 1+4z
puz[f"(2) = f(=2)] + (p — )z (2) + f/(=2)] + (L = p+ p)[f(2) = f(=2)] 1+ Bz

—1<B<A<L<1,0<u<p<l,zeD.

We note that Mg(0,0, A, B) = S§(A, B) and Mg(1,0, A, B) = Cs(A, B).
Also introduce the class M¢(p, i1, A, B) consisting of analytic functions f of
the form (1) and satisfying

20puzf"(2) + Cpp+ p— WZ2f"(2) + 2f(2)] .

ppz®(f(2) + f(2)" + (p— w)z(f(z) + f(Z) + (1 —p+ p)(f(2) + f(Z))
- 1+ Az

1+ Bz

—1<B<A<L<1L,0<u<p<l,zeD.

Note that Mx(0,0, A, B) = S&(A, B) and Mc(1,0,A, B) = Ceo(A, B).
By definition of subordination it follows that f € Mg(p, u, A, B) if and only
if

20puz’ f"'(2) + (2pp + p — w22 " (2) + 2f'(2)]
pu2?[f"(z) = f'(=2)] + (p— w2 (2) + f'(=2)] + (1 = p+ w)[f(2) = f(=2)]
s e G
w € U and that f € Ma(p, u, A, B) if and only if

2pp*1"(2) + 2o+ p = W2 ["(2) + 2f'(2)] _
puz?(f(2) + f(2)" + (p = w)2(f(2) + f(2) + (L= p+ 1)(f(2) + £(2))

1+ Aw(z)
_HT’IU(Z)_p<Z)7 wel (3)
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where o
2)=1+ anz" (4)
n=1

We study the classes Ms(p, 1, A, B) and M¢(p, p, A, B), the coefficient es-
timates for functions belonging to these classes are obtained. We also need the

following lemma for proving our results.
Lemma 1.1. [3] If p(z) is given by (4) then

lpn]| <A—B, n=1,2,3,.... (5)

2 Main Results

In this section, we give the coefficient inequalities for the classes Mg(p, i, A, B)
and Mc(p, p, A, B).

Theorem 2.1. Let f € Mg(p,pu, A, B). Then forn>1,0< u<p<1

(A-B) -
@20 < 2npl[(2n — 1)(2n)pp 4 (2n — 1)(p — p) + 1] 1:[ (A-B+2j) (6
(A— B) - |
ol < S T D@+ @ = LA B+

Proof. From (2) and (4), we have

{pul6asz® + 24asz* + -+ + (2n)(2n — 1)(2n — 2)as, 2™ + - -]

+ (2pp + p — p1)[2a92% + 6a32” + - + (2n — 1)(2n)ag, 2™ + - - -]

+[z + 2022 + 3azz® + - -+ + 2naz, 2" + -+ -}

= {pp[6asz® +20a52° + - - + (2n — 1)(2n — 2)ag,_12*"""

+ (2n + 1)(2n)agn41 2”4 -+ - ]

+(p— )z +3a32> + -+ (2n — Daga_12"""" + 2n + agy 12" + -]
+(1—p+p)z+ a2’ + -+ agn 12"+ agp 2 4]}
{1+piz+p2® 4+ +po12®  +po2™ +--}
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Equating the coefficients of like powers of z, we have
2a22pp + (p — p) + 1] = p1, 2a3(6pp + 2(p — p1) + 1] = po (8)

das[12pp + 3(p — p) + 1] = ps + asp: [6pp + 2(p — p) + 1] (9)
4as[20pp + 4(p — p) + 1] = ps + asp2[6pp +2(p — p1) + 1]

2nas,[(2n — 1)(2n)pp + (2n — 1)(p — p) + 1]
= Pan—1 + Pan—3a3[6pp + 2(p — p) + 1] + - -
+ praz,—1[(2n — 1)(2n — 2)pp + (2n — 2)(p — p) + 1] (10)

(2n)azn+1[(2n +1)(2n)pp + 2n(p — p) + 1]
= pan + Pan—2a3[6pp + 2(p — p) + 1] + -+
+ p2az,—1[(2n — 1)(2n — 2)pp + (2n — 2)(p — p) + 1] (11)

Using Lemma 1.1 and (8), we get

(A— B) (A-B)
2pp+ (p— p) + 1] [6p1+2(p — p) + 1]

Again by applying (11) and followed by Lemma 1.1, we get from (9)

las| < 5 las| < 5

(A— B)(A—B+2) (A-B)(A—-B+2)
2) (D [12pp +3(p — p) + 1] 2)(4)[20pp + 4(p — p) + 1]
It follows that (6) and (7) hold for n = 1,2. We prove (6) using induction.

Equation (10) in conjunction with Lemma 1.1 yield

lag| <

) |CL5|§(

] < (A - B)
U 2n[(2n = 1)(2n)pp+ (20— 1) (p — p) + 1]

1+ i[(Zk; + 1)(2k)pp + 2k(p — p) + 1]|a2k+1’] (13)

We assume that (6) holds for k = 3,4,...,(n—1). Then from (13), we obtain

s < (A—B) '
"= 2nl(2n = D@n)pu+ 20— Dip— ) + 1

. [1 + i (AQ,:MB) ﬁ(A — B+2j)

k=1 j=1

(14)
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In order to complete the proof, it is sufficient to show that

(A-B) |
ol D)o Mu+@m—D@—uH4]
1+Z ST HA B+ 2j)
_ (A-B) T
= Em — D@mpn + @n 1w 1] LA~ B+ 2009

J=1

m=3,4,...,n.
(15) is valid for m = 3.

Let us suppose that (15) is true for all m, 3 < m < (n — 1). Then from
(14)

(A—B) ,
2n[(2n — 1)(2n)pu +(2n — 1)(p — ) +1]
1+ Z (AQkkF) H(A — B +2j)

(n—1) (A—B) _
n 2(n- 1)[(2n - 1)(2n)pu +(2n—1)(p— ) +1]

n—2
[1+Z T HlA B + 29)
J

. ) (A—B) (A-B)

2n[(2n —1)(2n)pp+ (2n — 1) (p — p) + 1] 2 1(n —1)!
(A— B+ 2j)

@ ) (A-B) |
no 27 n— D20 —1)2n)pu+ 20— 1)(p— p) + 1]

JIA-B+2))

. (A~ B) (A-B) |
2n[(2n — 1)(2n)pu+ 2n — 1)(p — p) + 1] 27~ 1(n —1)!

1A= B+2))

j=1
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_ (A-B) _
2= D(2n = D) (2n)pp + (20— 1)(p — 1) + 1
JI(A=B+2j)(A-B+2(n—-1))
B (A o B) n—1 - .
R Ve TR T T S S
Thus (15) holds for m = n and hence (6) follows.
Similarly we can prove (7). O

Theorem 2.2. Let f € Mc(p,p, A, B). Then forn>1,0< u<p<1

(A-B) TP
] < G T~ D@+ G- D=y LL AP+ 19
(A—B) EC I
ant| < Gl s D@+ G~ 1 LLA- B9 (D)

Proof. From (3) and (4), we have

{PM[6a3z3 + a2t + -+ (2n)(2n — 1)(2n — 2)a2nz2” TN
+ (2pp + p — 1) [2022% + 6agz® + -+ + (20 — 1)(2n)agn 2" + - -]
+[z + 2a22% + 3azz® + - + 2nag, 2™ + -1}

— {pp[2a22% + 6032 + - - + (2n — 1)(2n)ag, 2> + - - -

+ (p— p)[z + 2022 + -+ + 2nag, 2" + -+ -]
+(1—p+p)z+az®+ - +ayz” +--]}
{1+p12’+p222+---+p2nz2"+--.}

Equating the coefficients of like powers of 2z, we have

az(2pp+(p—p)+1) = p1, 2a3(6pp+2(p—p)+1) = p2+azpi (2pp+(p—p)+1)

(18)
3a4(12pp+3(p—p) +1) = pa+aspa(2pp+(p—p) +1) +azpi(6pp+2(p—p) +1)
)

09)

19

—~
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4as(20pp +4(p — p) + 1) = pa + agps(2pp + (p — p1) + 1)
+ azpa(6pp + 2(p — p1) + 1)
+aspr(12pp + 3(p — p) + 1) (20)

(2n — Dagn((2n — 1)(2n)pp+ 2n — 1)(p — p) + 1)
= Pan—1 + @2Pan—2(2pp + (p — p) + 1)

+ ot agpap1((2n —2)2n — Dpp+ (2n— 2)(p — ) + 1)
(21)

(2n)azn1((2n + 1)(2n)pp + (2n)(p — p) +1)
= pon + a2pon1 (2pp + (p— p) + 1) + -
+agupr((2n)(2n = Vpp+ 2n = 1)(p—p) +1)  (22)
By using Lemma 1.1 and (18), we get
(A— B) (A—B)(A—B+1)
20+ (p— ) +1] 2(6pp +2(p — p) +1)
Again by applying (23) and followed by Lemma 5, we get from (19) and (20),

(23)

las| < [ las| <

we have

(A-B)(A-B+1)(A-B+2)

(2)(3)(12pp +3(p — ) + 1)

(A= B)(A—B+1)(A—B+2)(A—B+3)
(2)(3)(4)(20pp + 4(p — p) + 1)

It follows that (16) hold for n = 1,2. We now prove (16) using induction.

Equation (21) in conjunction with Lemma 1.1 yield

lag| <

las| <

| < (A— B)
a n| —=
"= 2n = D[@n - 1D)2n)pp+ 20— 1)(p— p) + 1]
n—1 n—1
X 1+Z|a2k| +Z|a2k+1| (24)
k=1 k=1
We assume that (16) holds for k = 3,4,...,(n—1). Then from (24), we obtain
(A-B)
‘a2n| S
(2n —1)[(2n = 1)(2n)pp + (2n — 1)(p — p) + 1
n—1 2%k—2 n—1 2k—1
A-B , (A-B) .
1 — A-B A-B
o A <2k—1)!£[1( T2 o) j[[l< 9

(25)
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In order to complete the proof, it is sufficient to show that

(A-B) ,
(2m = D[2m — 1)(2m)pp + (2m = 1)(p — p) + 1]
. H;—(i_—i‘ 1:[1(A—B+j)+k:1 (f&f) 1:[1(A—B+j)
- (A— B) |
~2m = DN(2m = 1)2m)pp + (2m —1)(p — p) + 1)
: H(A—B+j), (26)

m =3,4,5,...,n. (3.21) is valid for m = 3.
Let us suppose that (3.21) is true for all m, 3 <m < (n — 1). Then from (25)

(A-B) |
(2n = D[(2n— ) 2mpp + (20— 1)(p— 1) + 1
n—1 A—B 2k—2 . n—1 A—B 2k—1 -
. 1+;(2k—1)! jl;[l(A—Bﬂ)Jrkl ( o ) E(A—B+j)
(20 —3) (A— B) |
T (@n—1) 20— 1) = (20— D2a)pu+ @n—1)p—pm) + 1)
n—2 A—B 2k—2 . n—2 A—B 2k—1
. 1+;—(2k—1)! jl_[l(,él—Bﬂ)Jrk_1 ( o ) jHl(A—BJrj)
N (A-B) |
(2n —1)((2n — 1)(2n)pp+ (2n — 1)(p — p) + 1)
A-B ,
em-1) - E(A_B”)
(A— B) A-B o ,
=D (@n—D@n)pn+ @n—1p— ) + 1) 2n— 1)l H (A=B+])
(2n-3) (A~ B) TTA—B+s
= n ) @ = D) = D~ D@ @ ==+ 1) LA 5
N (A-B)
(20— 1)((2n — 1)2n)ppu + 2n — 1)(p— 1) + 1)
A-B T ,
=1 =1 HI(A_B”)
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_ (A-B) .
(20 =120 —1) = DA((2n = 1)2n)pu+ 2n = 1)(p — p) + 1)
JI@A-B+))
. " (A— B) A-B
(2n —1)((2n — 1)(2n)pp + (2n — 1)(p — p) + 1) (2(n — 1))!
: H(A—B+j)
(A- B) gl

i@ e G-y LA

Thus (26) holds for m = n and hence (16) follows. Similarly we can prove
(17). O

On specializing the values of p, 4 in Theorem 2.1 and 2.2, we get the fol-
lowing.
Remark 2.3. In Theorem 2.1, if we set u =0 and p = 0, we get starlike

functions with respect to symmetric points and if we set p =0 and p =1, we

get convex functions with respect to symmetric points.

Remark 2.4. In Theorem 2.2, if we set p = 0 and p = 0, we get starlike
functions with respect to conjugate points and if we set p =0 and p = 1, we
get convex functions with respect to conjugate points. For other values of u

and p, the transition is smooth.
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